Phenomenological models based on frozen volume parameters could well predict shape recovery behavior of shape memory polymers (SMPs), but the physical meaning of using the frozen volume parameters to describe thermomechanical properties has not been well-established. In this study, the fundamental working mechanisms of the shape memory effect (SME) in amorphous SMPs, whose temperature-dependent viscoelastic behavior follows the Eyring equation, have been established with the considerations of both internal stress and its resulted frozen volume. The stress-strain constitutive relation was initially modeled to quantitatively describe effects of internal stresses at the macromolecular scale based on the transient network theory. A phenomenological "frozen volume" model was then established to characterize the macromolecule structure and SME of amorphous SMPs based on a two-site stress-relaxation model. Effects of the internal stress, frozen volume and strain rate on shape memory behavior and thermomechanical properties of the SMP were investigated. Finally, the simulation results were compared with the experimental results reported in the literature, and good agreements between the theoretical and experimental results were achieved. The novelty and key differences of our newly proposed model with respect to the previous reports are (1). The "frozen volume" in our study is caused by the internal stress and governed by the two-site model theory, thus has a good physical meaning.
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Introduction
Shape memory polymer (SMP) is one type of smart materials that could respond to the environmental stimuli and then change their shapes according to the predetermined functions and programmed designs [1] . It is featured by the capability of regaining its permanent shape (after being pre-deformed) after proper stimuli, including temperature, water, solvent, light, electric or magnetic fields [2] [3] [4] . In contrary to the shape memory alloys or shape memory ceramics, SMPs have the advantage being lightweight, low cost and potential good biocompatibility, but produce relatively lower recovery stresses during deformation [5] [6] [7] . Therefore, they have been extensively researched, both experimentally and theoretically, to explore their various potential applications. As it is well-known, modelling based on thermo-viscoelasticity is commonly used to characterize and predict the shape memory behavior of the SMPs [8] [9] [10] [11] . Previously published papers reported that the stresses applied to the elastic springs (i.e., the hard segment) provided the driving force for free recovery of the 3 SMPs [12] [13] [14] , which caused a decrease in potential barrier thus the activation of frozen molecules [15] . These results showed that it is important to investigate the effects of driving force and activation energy on the SME of the SMPs. The shape memory behavior of the SMPs generally follows the Eyring equation and Williams-Landel-Ferry (WLF) equation, as widely reported in literature [16] [17] [18] .
In terms of thermodynamics, SMPs can be treated as a mixture of active and frozen phases, where the frozen phases will change into active phases after the SMPs are heated above their glass transition temperatures [19, 20] . For example, Liu et al proposed a theoretical model for amorphous SMPs which incorporated the active and frozen phases in the macromolecules [12] . Long et al further developed a dynamic model for the phase transition of the frozen phases during which the SMP undergoes the glass transition [9] . However, in the above studies, only the temperature effect on the transition of frozen phases has been considered, and the effects of time or stress have not been investigated. Therefore, Xiao and Guo proposed a constitutive relation considering the relaxation time and applied stress as a function of the frozen fraction in SMPs [21, 22] . These theoretical studies have demonstrated their capabilities to describe the thermomechanical performance and SME of the SMPs.
However, it should be pointed that the frozen volume parameter does not have clear physical meanings, and the internal stress in the SMP has not been considered in those models.
Therefore, a phenomenological model is critically needed to predict and describe both the internal stress and frozen volumes and their transition behaviors. By means of combining the influences of temperature and strain rate, the internal stress and the resulted "frozen volume" are correlated with the shape/temperature memory behavior across the glass transition Page 3 of 35  AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   4 temperature of the SMPs based on the Eyring model [23] . The energy stored in the SMP is formulated based on the "frozen volume" method. In the subsequent recovery process, the release rate of strain energy is consistent with the activation rate of "frozen volume".
In this study, a two-site model [17] was initially introduced to construct a constitutive relation between activation energy (which turns the frozen phase into the active phase) with applied stress ( a  ) and internal stress ( i  ), where the quantity of (-
presented as the experimental fraction of the frozen volume. The constitutive equations for the internal stress, strain rate and glassy transition temperatures were further constructed by means of the transient network theory. Finally, the simulation results were compared with those experimental ones reported in the literature for validations.
Influence of internal stress on SME in a free recovery process of SMP
Generally a fully melting happens at a temperature which is a few degrees above g T . This temperature is named as h T . Based on the previous work [24 -26] , the temperature dependence on the internal stress () i t  has the following expression, 
According to the thermodynamics of polymer, the existence of the stress will reduce the barrier height of the soft segments in the SMPs [27] . The volume of these soft segments is AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   5 defined as the "frozen volume", which will be activated in accompany with state/phase transitions caused by the driving force in the process of shape recovery; and the change in barrier height is the product of both the driving force and frozen volume. Figure 1 shows the reduced energy barrier produced by the driving force, in which G  denotes the potential barrier without the influence of the stress, and v denotes the frozen volume caused by the driving force ( ).
 Here is used to express the probability of a molecule to be activated at a certain temperature. An Eyring form is proposed to describe this probability as follows,
where () GT  is the energy barrier without applying driving force and it changes with temperature; B k is the Boltzmann constant, T is the absolute temperature, v is the frozen volume caused by the applied stress,  is the driving force, and A represents the correction constant.
Firstly the condition of the free recovery process of the SMP is considered, i.e., only the temperature has been changed while the applied stress is zero. In this case, the internal stress will be acted as the driving force, instead of the applied stress. It was reported that the applied stress has a linear relationship with the internal stress Assuming that there is no influence of the population distribution of the different types of sites available to the elements, the frozen volume caused by the internal stress i  can be Page 5 of 35  AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   6   expressed as follows based on the two-site model theory [17] :
where C and D are the constants in the investigated temperature range. To simplify equation (4), we define two constants a and b as follows,
Thus,
By combining equations (2) and (6), we can obtain,
Because ( )=0 ih T  and 1 (0) i a   , by substituting equation (7) into (3), a full expression form of  can be obtained,
Here it is considered that the unit of G  is / J mol . Equation (10) can be rewritten by multiplying A N on the numerator and denominator,
where R is the universal gas constant and A N is the Avogadro's number.
As temperature increases, the internal energy of the SMPs will be increased accordingly, thus causing the decreases of potential barrier of the soft segments. WLF equation was used here to express the changes in mobility of the molecules in frozen phase. If the mobility is increased, less energy is needed in the activation process. The Gibbs activation energy G  as a function of temperature can be described using the following equation [18], By substituting equation (10) into (9), we can obtain the final formulation of  ,
The decrease of activation energy G  (which turns the frozen phase into the active one of the macromolecules) caused by the existence of internal stresses is set as
For a unit volume of pre-deformed amorphous SMP, the frozen fraction f  which is linked with the frozen volume has the following form,
In order to verify the accuracy of equation (12), a comparison between the simulation result of the model with the reported experimental one is prepared [12] . According to the A robust global optimization (RGO) method, the parameters of =0.00337, 1 C =9.65,
=578.5J/mol and b =1.07 have been used. Figure 2 plots the numerical results for the frozen volume fraction as a function of the temperature ( g / TT ), and the experimental data are also plotted for comparisons. Simulation results reveal that the frozen theoretically confirm that the phenomenological frozen volume fraction has a good physical meaning to account for the phase/state transitions in the shape recovery process of SMPs. The relationship between the frozen volume fraction and temperature provides an effective approach to depict and predict the SME in SMPs. In comparison with the polynomial expressions for the frozen fraction proposed by Liu et al [12] , our newly proposed model (i.e., equation 12) has the advantages to provide a physical and mathematic relationship between the energy barrier G  parameter and the frozen volume, which is originated from the internal stress.
According to equation (10), the decreases of the activation energy caused by the increases of internal stress and temperature are shown in Figure 3 (2) and (4), the frozen volume caused by the internal stress increases with the increase of temperature, and the driving force has a linear relationship with temperature. Therefore, at a higher temperature, the increase rate of frozen volume caused by the increased driving force becomes smaller. When the temperature reaches h T , not only the phase transition ends, but also the frozen volume induced by the driving force turns to zero. It is considered that the driving force is zero when the phase transition finishes, therefore, Page 8 of 35  AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   9 without the driving force, the frozen volume caused by the driving force will disappear. As presented in Figure 3 (b), as the temperature is increased to the glass transition temperature (i.e., 343K), the effect of driving force on the activation energy become significant.
Effect of the parameter b on the has been further studied and the simulation results are plotted in Figure 4 Furthermore, the decrease of activation energy is also determined by the driving force and temperature based on equation (11) as shown in Figure 5 (a). Below the temperature of 333 K (the glass transition temperature is 343 K), values of () i G   are less than ten percent of those of () GT  , and the contribution of the decrease of activation energy caused by the driving force can be negligible. Therefore, the influence of () i G   could be neglected at a low temperature range. However, when the temperature is above 333 K, the influence of () i G   becomes significant and has a strong influence on the decrease of the activation energy. The peak value of the specific value of ( )/ ( )
was obtained at a temperature of 351.5 K and the value is 0.493. This value decreases significantly when the temperature is over 351.5 K. As the parameter b is increased from 1.03, 1.04, 1.05 to 1.06, the numerical results of ( )/ ( ) i G G T   are shown in Figure 5 (b). It is found that the peak value is increased with an increase of b. However, it was also found that the peak value of the Page 9 of 35  AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 10 specific value occurs almost at the same temperature, which is in a temperature range from 351.5 to 352.5K.
The frozen section and the activated section are then combined in parallel, and the storage modulus of the SMP was rewritten by using the frozen fraction. The storage modulus of SMPs has the following form at the transition temperature [12] ,
where i E is the modulus of the SMP corresponding to the internal energetic deformation and is a constant within the studied temperature range. Symbol e E is the modulus of the SMP corresponding to the entropic deformation. On the origin of the theory of rubber elasticity, the stress in the viscoelastic polymers is a nonlinear function with the extension strain [28] . Here, we used the experiment data reported in the previous work [12] , which were obtained in the condition that the strain was not exceeding 10%. In this case, the relationship of the stress and strain is linear, therefore, e E has the following expression,
where N is the cross-link density.
By substituting equations (12) and (14) into (13), we obtain a new version of equation of the storage modulus,
According to Liu et al [12] , where N=9.86×10 -4 mol· cm -3 and i E =813MPa, the simulated relationship between the storage modulus and temperature is plotted in Figure 6 with an Page 10 of 35 AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 11 increase in temperature from 333K to 343K, where the parameter b is increased from 1.02, 1.07, 1.12 to 1.17. While b=1.07 is the condition for obtaining the experimental results [29] .
It is found that both the driving force and the frozen volume have significant influences on the storage modulus of SMPs. When the value of b is close to 1.07, a small change in b will have a significant influence on the storage modulus. However, the curves still have the same tendency with increasing the driving force, while the storage modulus decreases at the same temperature. Furthermore, these numerical results could be illustrated in combination of the equations (4) and (5) . The internal stress is increased with an increase in the value of b, resulting in the decrease of the "frozen volume". As is well known, the SMPs are defined to have two or more segments, namely hard and soft segments [8] [9] [10] [11] [12] [13] [14] . The "frozen volume" is used to characterize the volume fraction of soft segment. The storage modulus is increased with the volume fraction of soft segment decreased, whereas simultaneously the volume fraction of hard segments is increased. The hard segment contributes more to the higher storage modulus than the soft one. Therefore the storage modulus and other thermomechanical properties of the SMPs are increased with the volume fraction of soft segment decreased.
Influence of internal stress on SME in a constraint recovery process of SMP
As discussed in section 2 above, when the SMP is in a free recovery process, the internal stress has a significant influence on the activation energy. In this section, when the shape recovery behavior of the SMPs is driven by an external loading, influence of the internal stress on the stress-strain constitutive relation and constraint SME was investigated in order to understand the working mechanism of their thermomechanical performance. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   12 At room temperature, the hard region represents the high modulus of elasticity material and its strain is small and proportional to the stress. Therefore, the constitutive equation was mainly established for the soft segments of the SMP which is viscoelastic at the applied stress.
According to the transient network theory [29, 30] , the mobility of the amorphous SMP is 
where i represents the number of transition processes of steady links and activated links, and the steady links change into active links only when i=1 and i=2, respectively. Here ( , ) tl   is introduced to express the total numbers of frozen links in the soft segments of SMP with Page 12 of 35 AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   13 the loading vector l  at a time of t and it has the following form, 12 ( , )= (t, )+ (t, ) t l l l
The initial total number of the links equals to (0, ) l   , thus the initial quantity of steady link ( 1 (0, ) l   ) and activated link ( 2 (0, ) l   ) can be written as,
The kinetics of breakage
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k are the constants [33] .
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Then, the theory of absolute reaction rate was used to analyze the kinetics of breakage of the steady links and the activated links. Meanwhile, considering the influence of applied stress, the probability for a steady link and an activated link to be broken within the time internal dt equals to,
where m is a constant, 
Substituting equation (29) into (28), we can obtain,
By integrating equations (27) and (30) into (23), the mechanical energy () Wt can be written as: 
s l l t l ds w t l k W t a l d d w s l l t l ds w t l k
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By substituting equation (39) into (38), the applied stress versus the strain rate has the Page 17 of 35 AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   18 following form, Furthermore, Figure 9 plots the numerical simulation results for the applied stress versus strain at different strain rates. It is found that the stress increases with an increase of the strain rate at the same strain. These numerical simulation results revealed the relationship between the external stress and internal stress [23] . With an increase in the strain rate, the effective Page 18 of 35  AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 19 stress applied on the components in the polymers is increased, where the internal stress is a constant value. Moreover, the applied stress is increased with an increase in the combined external stress and internal stress. This indicates that the strain rate parameter has a direct effect on the effective stress in the polymer, but has an indirect effect on the applied stress according to the movement and the segmental relaxations of the cooperative segments in polymers.
To find out the influence of the proportion of the activated volume, we increased the proportion of the activated volume and maintained the activation energy of the activated links unchanged, and the results are shown in Figure 10 . The values of the proportion of the activated volume are () l   =0, 20%, 40% and 60%. With the increase of the proportion of the activated volume, much less stresses are needed for reaching the same strain because it needs less energy when the proportion of the activated volume is increased. The numerical result agrees well with the thermomechanical behavior of the SMPs. As is known, with an increase of activated volume, the thermomechanical properties of the amorphous SMPs undergo a transition from the glassy state to the rubbery state. The modulus is decreased in the transition process, resulting in decrease of the stress. It is noted that the internal stress has an obvious influence on the stress-strain constitutive relation even if the SMP is at room temperature.
Conclusion
"Frozen volume" transition model provides a classical approach for modelling the SME and thermomechanical behavior of amorphous SMP, while viscoelastic model is suitable for both SMPs and other types of amorphous polymers. However, the "frozen volume" parameter is a phenomenologically temperature-dependent one and there is no physical meaning behind 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   20 it, resulting in the difficulties to model the mechanical behavior of SMPs. In this study, "frozen volume" was initially introduced and a constitutive relation has been modelled with the internal stress parameter according to the transient network theory and two-site model.
Phenomenological "frozen volume" transition is employed to explain the SME and shape recovery behavior of SMPs, and well predicts the thermomechanical properties. Finally, the simulation results based on the proposed model were compared with the experimental ones reported in the literature. A good agreement between the theoretical and experimental results has been shown. This phenomenological framework is expected to provide a suitable model for amorphous SMPs on the origin of the phenomenological "frozen volume".
Page 20 of 35 AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  Page 21 of 35  AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   22 amorphous shape memory polymers: incorporating structural and stress relaxation J. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 27 Figure 2 . Comparisons between the fitting curve with the experimental results [12] . Page 27 of 35  AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 Page 34 of 35 AUTHOR SUBMITTED MANUSCRIPT -draft   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 
